In the analysis of axisymmetric problems, it is often imperative that aspects of geometry, material properties and loading characteristics are either maintained as constants 
INTRODUCTION
Installation of vertical drains is one of the most widely used techniques for improving the engineering characteristics of soft clays. The main function of vertical drain application is to accelerate soil consolidation by shortening the drainage path and activating radial drainage, thereby increasing the shear strength of the soil while reducing its post-construction settlement (Holtz et al., 1991) . The dissipation of excess pore water pressure occurs faster in the radial direction due to the greater coefficient of soil permeability in the horizontal direction and the reduced drainage path. The consolidation time can be reduced to achieve a required degree of consolidation by selecting a suitable drain spacing and an appropriate installation pattern (Jamiolkowski et al., 1983) .
The theoretical solution of radial drainage consolidation was first proposed by Barron (1948) based on a unit cell (i.e. single drain surrounding by a soil cylinder). Further studies on the unit cell consolidation were conducted by Yoshikumi and Nakanodo (1979) and Hansbo (1981) which lead to the following well-known equation: The unit cell analysis is accurate when applied at the embankment centreline where the lateral displacements are zero. In practice, the subsoil in which hundreds of drains are installed is usually not uniform, and the process of consolidation is not always a one dimensional problem (Indraratna et al., 1992) . The numerical techniques including the finite element method (FEM) are essential for the analysis and design of multi-drain systems, apart from the effect of variability in soil properties at a site (Hird et al., 1992 , Indraratna and Redana 2000 , Chai et al. 2001 . Various studies including Olson (1998) have indicated that conducting a finite element analysis for multi-drains is often time-consuming, and that it is related to the convergence of solution that inevitably requires large computer memory and a large number of iterations. However, the complexity of the multi-drains (3D) problem can be reduced to an equivalent two-dimensional (2D) situation by transforming the in-situ (3D) soil parameters into equivalent 2D parameters or making other simplifications. For example, Hird et al. (1992) employed a one dimensional drainage element to simulate a vertical drain. Chai et al. (2001) presented a simple approximation method by which the unit cell can be modelled as a soil with an equivalent vertical permeability. Indraratna and Redana (2000) presented a plane strain (2D) model that takes into account the effect of smear and well resistance.
It can be noted that most of the previous studies have been devoted to model multidrain systems for embankment strip loading (plane strain). So far, no study has been conducted to model soil consolidation via vertical drains beneath a circular loaded area, where the system conforms to an axisymmetric problem.
In this study, the consolidation process accelerated by vertical drains below a circular embankment is analysed using the finite element method. An equivalent axisymmetric solution for concentric rings of vertical drains is obtained and validated using a numerical scheme and its results with Hansbo (1997) unit cell model. The FEM code ABAQUS is then used to analyse the performance of a full-scale test embankment constructed at Skå-Edeby, Stockholm-Arlanda Airport. The numerical predictions are compared with the available field data.
MATHEMATICAL FORMULATION
Vertical drains are generally installed either as an equilateral triangular, square or circular arc pattern. The circular arc installation pattern with each arc at the design spacing can be used with a large crane. It is noted that the square pattern can be easily controlled in the field, although the triangular pattern gives more uniform settlement than the square one (Rixner et al., 1986) . Figure 1 shows a plan view and vertical cross section of a typical vertical drain installation pattern inclding some field instrumentation beneath a circular embankment at Ska-Edeby (Hansbo 1960) While the consolidation of soil around an individual vertical drain can be readily analysed as a single unit cell, in order to analyse a multi-drain system under an axisymmetric condition, one must determine the equivalent soil parameters that give the same time-settlement response in the field. In such a transformation, each drain element should behave as a part of concentric cylindrical drain wall with an increasing perimeter with the radial distance from the centreline (Fig. 2) . Figure 3 shows a concept of cylindrical soildrain wall.
The main assumptions made in the authors' analysis are summarised below:
-Equal strain assumption (small strain) and Darcy's Law are valid.
-Only vertical strains are allowed.
-The soil is fully saturated, and the permeability of the soil is assumed to be constant during consolidation.
-Well resistance is neglected due to the sufficient discharge capacity of the drain, thereby the pore pressure at the drain interface is assumed to be zero.
-Each set of vertical drains located at the same radial distance from the line of axisymmetric is modelled as a continuous cylindrical drain wall of radius (r i = i.S)
where S is the spacing of the drains and i is the number of that set (i =1, 2, 3…) as shown in Figure 3 . For (i > 1), each cylindrical drain wall lies in the middle of a revolving prism of soil which has a thickness of S.
-It is assumed that the cylindrical drain wall has a negligible thickness.
-Across the inner and outer boundary of each revolving prism of soil (Fig. 3) , no flow is allowed, and for relatively long vertical drains, only radial (horizontal) flow is permitted.
Development of Mathematical Formulation
Considering the inner hollow cylindrical soil wall (
, the flow rate in the radial direction from the inner impermeable boundary to the hollow cylindrical drain wall is expressed by Darcy's law:
where, Q is the flow in the soil mass, u is the excess pore pressure due to preloading, A is the cross sectional area of the flow at distance r that is equal to 2π r(dz).
The rate of volume change in the vertical direction of the soil mass is expressed by:
where, V is the volume of the soil mass, and ε is the vertical strain.
The radial flow rate is assumed to be equal to the rate of volume change of the soil mass in the vertical direction, therefore,
The excess pore pressure gradient can be derived by rearranging Equation (4) as:
Integrating Equation (5) in the radial direction with the boundary condition (u=0 at r=r i ), the distribution of excess pore pressure u in Zone A (
can be expressed by: ) is determined by:
It is noted that subscripts A and B are denoted for Zones A and B, respectively and subscript 'ring' is denoted for circular loading.
The average excess pore pressure ( u ) is determined from:
Integrating Equation (8) after substituting Equations (6) and (7), the average excess pore pressure is given by: (Holtz et al. 1991) .
It is of interest to note that the value of µ ring converges to 3 2 2 α for all values of (i > 1) ( Table   2 ).
Combining Equation (9) with the well-known compressibility relationship 
Equivalent Parameters for Multi-drain Analysis under 2D Axisymmetric Condition
Equivalent parameters can be determined either by geometric transformation or permeability transformation or both to minimise the disparity between the two methods (Indraratna and Redana 2000) . For circular loading, the proposed 'conversion' procedures can be based on the equivalent average excess pore pressure by maintaining the geometric equivalence (see Fig. 3 ).
At a given stress level and at each time step, the average excess pore pressure for both the unit cell and a unit of i th revolving prism of soil (i>1) are made the same by equating Equation (1) with Equation (12). The equivalent permeability for the multi-drain under axisymmetric condition can then be expressed as: Before incorporating the equivalent soil permeability from Equation (11), a good agreement between the numerical and analytical results was obtained by Equation (13). Small deviations are noted for the range 300<t<1000 days with a maximum error of about 5% in the degree of consolidation. It can be seen after incorporating Equation (13) in the numerical model, that the consolidation response agrees with Equation 1. In general, the above matching procedure confirms the reliability of the proposed procedure after transforming the true field condition to the equivalent axisymmetric drain rings.
APPLICATION TO CASE HISTORY
In 1957, the Swedish Geotechnical Institute and the Swedish Road Broad designed and constructed four circular test embankments to study consolidation behaviour of the soft clay and to obtain information for construction of a new airport (Hansbo, 1960) . The site is 
Site Geology and Geotechnical properties:
The site geology and geotechnical properties of soil were described in details by Hansbo (1960) and have been presented in several publications Broms, 1972 and Hansbo, 2005) . Only a summary is given here. The geologic stratification of the site area can be described as composed of very recent glacial and postglacial clay deposits. The ground surface is about 2.5 m above the mean level of the Baltic Sea. The deepest sediments consist of glacial clays, which are about 7500 years old while the upper postglacial soils were deposited within the past 4500 years. In general, these deposits can be described as soft, normally consolidated clay of moderate sensitivity. Site investigations showed that the subsoil conditions are relatively uniform throughout the site, consisting of a weathered crust formed by cyclic wetting process together with natural cementation with a total thickness of 1 m, overlying the soft clay layer extending to about 8-10m below the surface, followed by bedrock or very dense glacial deposits at a depth of 10 to 12 m. The groundwater table is about 1m below the ground surface. The bulk unit weight generally increased from 15 kN/m 3 near the ground surface to 17 kN/m 3 at the bottom of the soil profile. The compression and consolidation characteristics of the clay were determined using conventional oedometer test.
As shown in Fig.1 , surface and subsurface settlement plates, hydraulic piezometers, a concrete block and inclinometer were installed to monitor the embankment behaviour.
However, due to mulfunction of the inclinometer, only the surface lateral displacment measured by the concrete block are available (Holtz and Broms, 1972) .
Finite Element Analysis of Circular Embankment
The finite element mesh consisted of 28160 rectangular CAX8RP elements (8-node biquadratic displacement, bilinear pore pressure) as shown in Fig. 6 . Only one-half of the embankment was simulated to exploit the symmetry. The relevant soil parameters of 4 subsoil layers are summarised in Table 1 based on the laboratory test results provided by Hansbo (1960) . For the topmost over-consolidated crust, the Mohr-Coulomb model was considered appropriate. Based on Hansbo (1997) , it was assumed that the diameter of the smear zone (d s ) was 0.36m and that both the permeability of the smear zone (k s ) and the vertical soil permeability (k v ) are 0.25 times the horizontal undisturbed soil permeability (k h ).
The well resistance is neglected in the analysis due to sufficient drainage capacity of the drains > 150m 3 / year. For the multi-drain analysis, the permeability of soil for each layer under the circular embankment loading was calculated based on Equation (13). Embankment surcharge loading of 27 kPa was simulated by applying linearly incremental vertical loads to the upper boundary for 30 days, followed by the rest period.
Discussions of the Results
In this section, the predictions based on the multi-drain analysis under both axisymmetric and plane strain conditions are compared with the field measurements. Equation (13) was incorporated in the axisymmetric condition, whereas the equivalent plane strain approach proposed by Indraratna and Redana (2000) was adopted for the plane strain condition.
Figures 7a and 7b show the comparison between the predicted and recorded field settlements, (a) at the centreline of the embankment at the ground surface, (b) at a depth of 5m and (c) at a depth of 1.5m and 7m away from the embankment centreline. It can be seen that the predicted settlements from the axisymmetric conditions using Equation (13) agree with the measured results as well as with those predicted by Hansbo (1997) , whereas the plane strain analysis underpredicts the field results but gives the same ultimate settlement. Undoubtedly, the excess pore pressure predictions from both cases at 5m depth and at a lateral distance of 0.75m away from the embankment centreline also agree with the field measurements (Fig.   8a ). However, the predicted excess pore pressures from the plane strain analysis dissipate faster than that under axisymmetric condition (Fig. 8b) . Figure 9 illustrates the surface settlement profile after 452 days, which shows that plane strain condition gives less settlement at the centreline and more heave at the embankment toe.
The comparisons between the measured and predicted lateral movements at 1.5m from the embankment toe are shown in Fig. 10 . The predictions from the axisymmetric condition agree well with the measured results, whereas the plane strain analysis over-predicts the measurements (Fig. 10a) . Due to insufficient field data, only the predicted lateral displacements are compared in Fig. 10b . The maximum lateral displacement is observed at the middle of the soft clay layer at a depth of 6m (Fig. 10b) . The lateral displacement profiles at the ground surface are shown in Fig. 11 . It is seen that the predictions from the axisymmetric condition are always less than those of the plane strain. In general, for a circular embankment improved by vertical drains, the axisymmetric analysis with an appropriate conversion procedure is essential to obtain accurate predictions, in terms of settlement, excess pore pressure and lateral displacement.
CONCLUSIONS
The paper presented a new technique to model consolidation by vertical drains below a circular loaded area where the system of vertical drains in the field was transformed by a series of equivalent concentric cylindrical drain walls. A rigorous solution for radial drainage towards these equivalent walls was derived by matching the degree of consolidation of
Hansbo's unit cell model (Hansbo, 1997 ). An equivalent value for the coefficient of horizontal permeability could be obtained to analyse the multi-drain problem under circular loading.
A multi-drain analysis based on the proposed conversion was adopted to evaluate the performance of a selected full-scale circular embankment at Skå-Edeby, Sweden, using the finite element code, ABAQUS. The effect of smear associated with the sand drains was also considered in the analysis. Unlike unit cell analysis, the settlements, excess pore water pressures and lateral movements elsewhere in the embankment were analysed and compared with the available field data by employing the proposed conversion procedure. Comparisons made with the corresponding predictions using the proposed conversion and Hansbo's solution showed that the predicted results from proposed conversion are more accurate than those from Hansbo's solution apart from the centreline of the embankment. The multi-drain analysis under equivalent axisymmetric condition using the proposed conversion gives more accurate prediction, whereas the equivalent plane strain FEM analysis tends to underpredict settlements and excess pore pressure by approximately 20%. Moreover, lateral displacement prediction under plane strain condition is almost two times that from the axisymmetric condition. The predictions of soft soil improved by vertical drains under circular loading are more accurate when using multi-drain analysis under equivalent axisymmetric condition.
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